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— Part IV: Overview

Motivating Question: Can BNE characterization help PoA analyses?

Part IV: Overview
® BNE characterization.

e Solving for symmetric BNE.

e Unigueness of symmetric BNE (= PoA = 1).

e Revenue Optimization

e POA for Revenue
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— First- versus Second-price Auction

First-price Auction

1. Solicit sealed bids.
2. Winner is highest bidder.

3. Charge winner their bid.

POA IN AUCTIONS — DECEMBER 11, 2013 —



— First- versus Second-price Auction

First-price Auction

1. Solicit sealed bids.
2. Winner is highest bidder.

3. Charge winner their bid.

Example: two bidders, U |0, 1]
e b;(v) =v/2is BNE.

e highest valued bidder wins
in BNE.

e welfare is optimal in BNE.
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e b;(v) =v/2is BNE.

e highest valued bidder wins
in BNE.

e welfare is optimal in BNE.

® but are there other BNE?

POA IN AUCTIONS — DECEMBER 11, 2013 —



— First- versus Second-price Auction

First-price Auction

1. Solicit sealed bids.
2. Winner is highest bidder.

3. Charge winner their bid.

Example: two bidders, U0, 1]
e b;(v) =v/2is BNE.

e highest valued bidder wins
in BNE.

e welfare is optimal in BNE.

® but are there other BNE?
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Second-price Auction

. Solicit sealed bids.
2. Winner is highest bidder.

3. Charge winner
second-highest bid.

the

Example:

e b;(v) = vis DSE.
(dominant strategy equilib.)

e highest valued bidder wins
iIn DSE.

e welfare is optimal in DSE.
e but there are other BNE.

R



— An example

Example Scenario: two bidders, uniform values
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Example Scenario: two bidders, uniform values

What is revenue of second-price auction?
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Example Scenario: two bidders, uniform values
What is revenue of second-price auction?

e draw values from unit interval.
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Example Scenario: two bidders, uniform values
What is revenue of second-price auction?

e draw values from unit interval.

e Sort values. Vo < U1
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— An example

Example Scenario: two bidders, uniform values
What is revenue of second-price auction?

e draw values from unit interval.

e Sort values. Vo < U1

® |n expectation, values evenly divide unit interval.
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— An example

Example Scenario: two bidders, uniform values
What is revenue of second-price auction?

e draw values from unit interval.

e Sort values. V2 < Uy
® |n expectation, values evenly divide unit interval.

e E[SPA revenue| = E|vs]
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— An example

Example Scenario: two bidders, uniform values
What is revenue of second-price auction?

e draw values from unit interval.

e Sort values. V2 < Uy
® |n expectation, values evenly divide unit interval.

e E[SPA revenue| = E|vs] = 1/3.
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— An example

Example Scenario: two bidders, uniform values
What is revenue of second-price auction?

e draw values from unit interval.

e Sort values. V2 < Uy
® |n expectation, values evenly divide unit interval.
e E[SPA revenue| = E|vs] = 1/3.

What is revenue of first-price auction?
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— An example

Example Scenario: two bidders, uniform values
What is revenue of second-price auction?

e draw values from unit interval.

e Sort values. V2 < Uy
® |n expectation, values evenly divide unit interval.
e E[SPA revenue| = E|vs] = 1/3.

What is revenue of first-price auction?

e E[FPA revenue| = E[v1] /2 =1/3.
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— An example

Example Scenario: two bidders, uniform values
What is revenue of second-price auction?

e draw values from unit interval.

e Sort values. V2 < U1
® |n expectation, values evenly divide unit interval.
e E[SPA revenue| = E|vs] = 1/3.
What is revenue of first-price auction?
e E[FPA revenue| = E[v1] /2 =1/3.

Surprising Result:  first-price and second-price auctions have same
expected revenue in BNE.
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BNE Characterization



— Notation

Notation:
e X is an allocation, x; the allocation for 2.

e x(v) = x(b(v)) is BNE allocation of mech. on valuations v.
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— Notation

Notation:
e X is an allocation, x; the allocation for 2.

e x(v) = x(b(v)) is BNE allocation of mech. on valuations v.

® xz(vz) — EV—i[CEi(viﬁv—i)] .
(Agent ¢’s interim allocation rule with v_; from F_;)
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— Notation

Notation:
e X is an allocation, x; the allocation for 2.

e x(v) = x(b(v)) is BNE allocation of mech. on valuations v.

® xz(vz) — EV—i[CEi(viﬁv—i)] .
(Agent ¢’s interim allocation rule with v_; from F_;)

Analogously, define p, p(v), and p; (v, ) for payments.
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— Characterization of BNE

Thm: a mechanism and strategy profile is in BNE iff

1. monotonicity (M): z;(v; ) is monotone in v;.
2. payment identity (P1): p; (v;) = v;z;(v;) — [ z:(2)dz + i (0).
and usually p; (0) = 0.
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— Characterization of BNE

Thm: a mechanism and strategy profile is in BNE iff

1. monotonicity (M): z;(v; ) is monotone in v;.
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— Characterization of BNE

Thm: a mechanism and strategy profile is in BNE iff
1. monotonicity (M): z;(v; ) is monotone in v;.
v,

2. payment identity (P1): p; (v;) = vizs(v;) — [, * s(2)dz + p;(0).
and usually p; (0) = 0.

Payment Welfare

x;(v;) xi (Vi xi(vi) T
e
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— Characterization of BNE

Thm: a mechanism and strategy profile is in BNE iff
1. monotonicity (M): z;(v; ) is monotone in v;.
v,

2. payment identity (P1): p; (v;) = vizs(v;) — [, * s(2)dz + p;(0).
and usually p; (0) = 0.

Payment Welfare Utility

x;(v;) xi(v;) - i (Vi) -
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— Characterization of BNE

Thm: a mechanism and strategy profile is in BNE iff
1. monotonicity (M): z;(v; ) is monotone in v;.
v,

2. payment identity (P1): p; (v;) = vizs(v;) — [, * s(2)dz + p;(0).
and usually p; (0) = 0.

Payment Welfare Utility

x;(v;) xi (Vi xi(vi) T
/- | | !

(o Vi (%)

Consequence: (revenue equivalence) in BNE, auctions with same
outcome have same revenue (e.g., first- and second-price auctions)
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— Example: Solving for BNE (Symmetric)

Solving for equilibrium:  [e.g., Krishna 2002]

1. What happens in first-price auction equilibrium?
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— Example: Solving for BNE (Symmetric)

Solving for equilibrium:  [e.g., Krishna 2002]

1. What happens in first-price auction equilibrium?
Guess: higher values bid more
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— Example: Solving for BNE (Symmetric)

Solving for equilibrium:  [e.g., Krishna 2002]

1. What happens in first-price auction equilibrium?
Guess: higher values bid more
—> agents ranked by value.
—> same outcome as second-price auction.

—> same expected payments as second-price auction.

POA IN AUCTIONS — DECEMBER 11, 2013 —



— Example: Solving for BNE (Symmetric)

Solving for equilibrium:  [e.g., Krishna 2002]
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1. What happens in first-price auction equilibrium?
Guess: higher values bid more
—> agents ranked by value.
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— Example: Solving for BNE (Symmetric)

Solving for equilibrium:  [e.g., Krishna 2002]

1. What happens in first-price auction equilibrium?
Guess: higher values bid more
—> agents ranked by value.
—> same outcome as second-price auction.

—> same expected payments as second-price auction.
2. What are equilibrium strategies?
e p(v) =x(v) X b(v) (because first-price)

e p(v) = E|expected second-price payment | v] (by rev. equiv.)
= x(v) X E[second highest value | v wins]
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— Example: Solving for BNE (Symmetric)

Solving for equilibrium:  [e.g., Krishna 2002]

1. What happens in first-price auction equilibrium?
Guess: higher values bid more
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—> same outcome as second-price auction.
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— Example: Solving for BNE (Symmetric)

Solving for equilibrium:  [e.g., Krishna 2002]

1. What happens in first-price auction equilibrium?
Guess: higher values bid more
—> agents ranked by value.
—> same outcome as second-price auction.

—> same expected payments as second-price auction.

2. What are equilibrium strategies?
e p(v) =x(v) X b(v) (because first-price)
e p(v) = E|expected second-price payment | v] (by rev. equiv.)
= x(v) X E[second highest value | v wins]

= b(v) = E[second highest value | v wins|
(e.g., for two uniform bidders: b(v) = v/2.)
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— Example: Solving for BNE (Symmetric)

Solving for equilibrium:  [e.g., Krishna 2002]

1. What happens in first-price auction equilibrium?
Guess: higher values bid more
—> agents ranked by value.
—> same outcome as second-price auction.

—> same expected payments as second-price auction.

2. What are equilibrium strategies?
e p(v) =x(v) X b(v) (because first-price)
e p(v) = E|expected second-price payment | v] (by rev. equiv.)
= x(v) X E[second highest value | v wins]

= b(v) = E[second highest value | v wins|
(e.g., for two uniform bidders: b(v) = v/2.)

3. Verify guess and BNE: b(v) strictly increasing, symmetric
— higher values bid more
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Questions?



First-price Auction PoA = 1

(for symmetric distributions)



— Uniqueness for Symmetric Dists.

Outline: Uniqueness of BNE (for i.i.d., continuous distributions)
0. existence of symmetric BNE. [e.g., Krishna 2002]
1. unigueness of symmetric BNE. [e.g., Krishna 2002]

2. non-existence of asymmetric BNE. (iid., continuous, bounded dist.)
[Hartline, Chawla 2013]
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— Uniqueness for Symmetric Dists.

Outline: Uniqueness of BNE (for i.i.d., continuous distributions)
0. existence of symmetric BNE. [e.g., Krishna 2002]
1. unigueness of symmetric BNE. [e.g., Krishna 2002]

2. non-existence of asymmetric BNE. (iid., continuous, bounded dist.)
[Hartline, Chawla 2013]

Conclusion: first-price auction PoA = 1 for symmetric distributions.
(generalizes to order-based auctions, e.g., position auctions)
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— Uniqueness of Symmetric BNE

Theorem: There is only one symmetric BNE.
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— Uniqueness of Symmetric BNE

Theorem: There is only one symmetric BNE.

Proof. For strictly increasing strategies:
e For any such BNE, the highest valued agent wins.

e Previous derivation gave only solution.
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— Uniqueness of Symmetric BNE

Theorem: There is only one symmetric BNE.

Proof: For strictly increasing strategies:
e For any such BNE, the highest valued agent wins.
e Previous derivation gave only solution.

For general strategies:

e |f one bidder has pointmass in bid distribution, other bidders must
skip this bid (= asymmetric).
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— Assumption for Tutorial

Assumption for Tutorial:  bid functions (a.k.a., strategies) are
1. continuous

2. strictly increasing

POA IN AUCTIONS — DECEMBER 11, 2013 —



— Non-existence of Asymmetric BNE

Thm: 2-player first-price auctions with a random (unknown) reserve
have no asymmetric equilibrium. (iid, continuous, bounded dist.)
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— Non-existence of Asymmetric BNE

Thm: 2-player first-price auctions with a random (unknown) reserve
have no asymmetric equilibrium. (iid, continuous, bounded dist.)

Corollary: mn-player first-price auctions have no asymmetric equilibria.
(iid, continuous, bounded dist.)
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— Non-existence of Asymmetric BNE

Thm: 2-player first-price auctions with a random (unknown) reserve
have no asymmetric equilibrium. (iid, continuous, bounded dist.)

Corollary: mn-player first-price auctions have no asymmetric equilibria.
(iid, continuous, bounded dist.)

Proof of Corollary:

e player 1 & 2 face random reserve “max(bs, ..., 0, )"
e by theorem, their bid function is symmetric.
e same for player 1 and <.

e so all bid functions are symmetric.
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— Main Theorem

Two formulas for an agent’s utility:
1) u(v) = (v —b(v)) - z(v). (first-price payment rule)

2) u(v) = fov x(z)dz. (payment identity / revenue equivalence)
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1) u(v) = (v —b(v)) - z(v). (first-price payment rule)
2) u(v) = fov x(z)dz. (payment identity / revenue equivalence)

Thm: 2-player, i.i.d., continuous, bounded first-price auctions with a ran-
dom (unknown) reserve have no asymmetric equilibrium.
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— Main Theorem

Two formulas for an agent’s utility:
1) u(v) = (v —b(v)) - z(v). (first-price payment rule)
2) u(v) = fov x(z)dz. (payment identity / revenue equivalence)

Thm: 2-player, i.i.d., continuous, bounded first-price auctions with a ran-
dom (unknown) reserve have no asymmetric equilibrium.

Proof: (by contradiction)

® assume bid functions cross twice:
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— Main Theorem

Two formulas for an agent’s utility:
(1) u( ) = (v — b( )) -z (v). (first-price payment rule)
(2) u fo (payment identity / revenue equivalence)

Thm: 2-player, i.i.d., continuous, bounded first-price auctions with a ran-
dom (unknown) reserve have no asymmetric equilibrium.

Proof: (by contradiction) by(v)

4@)

I
/ //'
v

® assume bid functions cross twice:
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— Main Theorem

Two formulas for an agent’s utility:
(1) u( ) = (v — b( )) -z (v). (first-price payment rule)
(2) u fo (payment identity / revenue equivalence)

Thm: 2-player, i.i.d., continuous, bounded first-price auctions with a ran-
dom (unknown) reserve have no asymmetric equilibrium.

Proof: (by contradiction) by(v)

4@)

I
/ //'
v v

e so by Claim 1: x1(v) > x2(v) onv € (v',v")

® assume bid functions cross twice:

Claim 1: at v if by (v) > by(v) then z1(v) > xo(v) (and equal if equal)
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Two formulas for an agent’s utility:
(1) u( ) = (v — b( )) -z (v). (first-price payment rule)
(2) u fo (payment identity / revenue equivalence)

Thm: 2-player, i.i.d., continuous, bounded first-price auctions with a ran-
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v v

e so by Claim 1: x1(v) > x2(v) onv € (v',v")
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— Main Theorem

Two formulas for an agent’s utility:
(1) u( ) = (v — b( )) -z (v). (first-price payment rule)
(2) u fo (payment identity / revenue equivalence)

Thm: 2-player, i.i.d., continuous, bounded first-price auctions with a ran-
dom (unknown) reserve have no asymmetric equilibrium.

Proof: (by contradiction) b1 (vg Allocation Rule
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I
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e so by Claim 1: x1(v) > x2(v) onv € (v',v")

® assume bid functions cross twice:
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e so by (2): up(v") —ul(v’) = [, z1(2)dz | |
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Claim 1: at v if by (v) > by(v) then z1(v) > xo(v) (and equal if equal)
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— Main Theorem

Two formulas for an agent’s utility:
(1) u( ) = (v — b( )) -z (v). (first-price payment rule)
(2) u fo (payment identity / revenue equivalence)

Thm: 2-player, i.i.d., continuous, bounded first-price auctions with a ran-
dom (unknown) reserve have no asymmetric equilibrium.

Proof: (by contradiction) bl(v Allocation Rule
. . i ] 4(@) —

e assume bid functions cross twice: |

e so by Claim 1: x1(v) > x2(v) onv Ev(v ,vv ")

e so by (2): up(v"”) — ul(v’) f , xl(z)dz |

> [ xa(2)dz = ua(v”) —ug(v'). v W

e but by Claim 1 and (1): u1(v") = us(v’) and u1 (v"") = us(v”)

Claim 1: at v if by (v) > by(v) then z1(v) > xo(v) (and equal if equal)

POA IN AUCTIONS — DECEMBER 11, 2013 —



— Clam 1

Claim 1: atv if by (v) > by(v) then x1(v) > 2 (v)
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— Clam 1

Claim 1: atv if by (v) > by(v) then x1(v) > 2 (v)
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Clam 1

—

Claim 1: atv if by (v) > by(v) then x1(v) > 2 (v)

Bid Functions

......

[ 331(?}) = Pr[random reserve < bl (?})] X pr[UQ < U”]
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Clam 1

—

Claim 1: atv if by (v) > by(v) then x1(v) > 2 (v)

Bid Functions

v
® 331(?}) — Pr[random reserve < bl (v)] X pr[UQ < U”]
e z5(v) = Prlrandom reserve < bo(v)] X Prlv; < o]
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Clam 1

—

Claim 1: atv if by (v) > by(v) then x1(v) > 2 (v)

Bid Functions

v v vV |
® 331(?}) — Pr[random reserve < bl (v)] X pr[UQ < U”]
® 9 (v) = r[random reserve < by (v)] % pr[vl < v’]
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Clam 1

—

Claim 1: atv if by (v) > by(v) then x1(v) > 2 (v)

Bid Functions

[ 331(?}) = Pr[random reserve < bl (?})] X pr[UQ < U”]

e r5(v) = Pr[random reserve < by(v)| X Prlv; < ]

® both terms are strictly bigger for 1 than 2.
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Clam 1

—

Claim 1: atv if by (v) > bo(v) then x1(v) > z2(v),
and if by (v) = ba(v) then x1(v) = x2(v).

Bid Functions

[ 331(?}) = Pr[random reserve < bl (?})] X pr[UQ < U”]

e r5(v) = Pr[random reserve < by(v)| X Prlv; < ]

® both terms are strictly bigger for 1 than 2.
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Questions?



Revenue-optimal Auctions



— Optimizing BNE e

Def: virtual value for i is ¢, (v;) = v; — 1}%}}30
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— Optimizing BNE

Def: virtual value for i is ¢, (v;) = v; — 1}%}}30

Lemma: [Myerson 81] In BNE, E[p; (v;)] = E|¢; (v;)x;(v;)]
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— Optimizing BNE

1—FZ'(’UZ')

Def: virtual value for i is ¢; (v;) = v; — Flo0)

Lemma: [Myerson 81] In BNE, E[p; (v;)] = E|¢; (v;)x;(v;)]
General Approach:

® optimize revenue without incentive constraints (i.e., monotonicity).

—> winner is agent with highest positive virtual value.

e check to see if incentive constraints are satisfied.

= if ¢;(+) is monotone then mechanism is monotone.
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— Optimizing BNE
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Lemma: [Myerson 81] In BNE, E[p; (v;)] = E|¢; (v;)x;(v;)]
General Approach:

® optimize revenue without incentive constraints (i.e., monotonicity).

—> winner is agent with highest positive virtual value.

e check to see if incentive constraints are satisfied.

= if ¢;(+) is monotone then mechanism is monotone.

Def: distribution Fj is regular if ¢;(-) is monotone.
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Def: virtual value for i is ¢; (v;) = v; — Flo0)

Lemma: [Myerson 81] In BNE, E[p; (v;)] = E|¢; (v;)x;(v;)]
General Approach:

® optimize revenue without incentive constraints (i.e., monotonicity).

—> winner is agent with highest positive virtual value.

e check to see if incentive constraints are satisfied.

= if ¢;(+) is monotone then mechanism is monotone.

Def: distribution Fj is regular if ¢;(-) is monotone.

Thm: [Myerson 81] If F is regular, optimal auction is to sell item to
bidder with highest positive virtual valuation.
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— Optimizing BNE

1—F,L'(’l)i)
fi(vi)

Def: virtual value for i is ¢; (v;) = v; —
Lemma: [Myerson 81] In BNE, E[p; (v;)] = E|¢; (v;)x;(v;)]
General Approach:

® optimize revenue without incentive constraints (i.e., monotonicity).

—> winner is agent with highest positive virtual value.

e check to see if incentive constraints are satisfied.

= if ¢;(+) is monotone then mechanism is monotone.

Def: distribution Fj is regular if ¢;(-) is monotone.

Thm: [Myerson 81] If F is regular, optimal auction is to sell item to
bidder with highest positive virtual valuation.

Proof: expected virtual valuation of winner = expected payment.
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— Proof of Lemma

Recall Lemma: In BNE, E|p;(v;)] = EKU,L- _ 1—Fi(v7:)> xz(vz)} :

Proof Sketch:
e Use characterization: p;(v;) = v;z;(v;) — [ i(v)dv.
e Use definition of expectation (integrate payment X density).

e Swap order of integration.

e Simplify.
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— Interpretation

Recall Thm: If F is regular, optimal auction is to sell item to bidder with
highest positive virtual valuation.

What does this mean in 1.1.d. case?
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— Interpretation

Recall Thm: If F is regular, optimal auction is to sell item to bidder with
highest positive virtual valuation.

What does this mean in 1.1.d. case?

e Winner i satisfies ¢; (v;) > max(¢;(v;),0)
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Interpretation
_ p
Recall Thm: If F is regular, optimal auction is to sell item to bidder with
highest positive virtual valuation.

What does this mean in 1.i.d. case?
e Winner i satisfies ¢; (v;) > max(¢;(v;),0)

e Lid.implies ¢; = ¢; = ¢.
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— Interpretation

Recall Thm: If F is regular, optimal auction is to sell item to bidder with
highest positive virtual valuation.

What does this mean in I.i.d. case?
e Winner i satisfies ¢; (v;) > max(¢;(v;),0)
e Lid.implies ¢; = ¢; = ¢.

e So,v; > max(vj, ¢ 1(0)).
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— Interpretation

Recall Thm: If F is regular, optimal auction is to sell item to bidder with
highest positive virtual valuation.

What does this mean in I.i.d. case?
e Winner i satisfies ¢; (v;) > max(¢;(v;),0)
e Lid.implies ¢; = ¢; = ¢.
e So,v; > max(vj, ¢ 1(0)).

e So, “critical value” = payment = max(v;, ¢~ *(0))
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— Interpretation
Recall Thm: If F is regular, optimal auction is to sell item to bidder with
highest positive virtual valuation.

What does this mean in i.i.d. case?
e Winner i satisfies ¢; (v;) > max(¢;(v;),0)
e Lid.implies ¢; = ¢; = ¢.
e So,v; > max(vj, ¢ 1(0)).
e So, “critical value” = payment = max(v;, ¢~ *(0))

e \What is this auction?
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— Interpretation

Recall Thm: If F is regular, optimal auction is to sell item to bidder with
highest positive virtual valuation.

What does this mean in i.i.d. case?
e Winner i satisfies ¢; (v;) > max(¢;(v;),0)
e Lid.implies ¢; = ¢; = ¢.
e So,v; > max(vj, ¢ 1(0)).
e So, “critical value” = payment = max(v;, ¢~ *(0))

e \What is this auction?

— second-price auction with reserve ¢~ 1 (0)!

— first-price auction with reserve ¢~ 1(0)!
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— Interpretation

Recall Thm: If F is regular, optimal auction is to sell item to bidder with
highest positive virtual valuation.

What does this mean in i.i.d. case?
e Winner i satisfies ¢; (v;) > max(¢;(v;),0)
e Lid.implies ¢; = ¢; = ¢.
e So,v; > max(vj, ¢ 1(0)).
e So, “critical value” = payment = max(v;, ¢~ *(0))

e \What is this auction?

— second-price auction with reserve ¢~ 1 (0)!

— first-price auction with reserve ¢~ 1(0)!

What is optimal single-item auction for U |0, 1]?
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—

Optimal Auction for U [0, 1] ——

Optimal auction for U |0, 1]:

o F(UZ) — U;.
o f(v;)) =1.

® SO, ¢(UZ) = V; — L—Flvi) _ 2v; — 1.

f(vi)

e So, ¢~ 1(0) =1/2.
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—

Optimal auction for U |0, 1]:

o F(UZ) — U;.
o f(v;)) =1
® So, ¢(vi) = v; — 1}2(1;)

e So, ¢~ 1(0) =1/2.

Optimal Auction for U [0, 1] ——

:2?}@—1.

® S0, optimal auction is Second-price Auction with reserve 1/2!
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Questions?



PoA for Revenue



— Second-price (DSE) versus First-price (BNE)

Second-price auction (in dominant strategy equilibrium):
symmetric asymmetric

social surplus | 1 [Vickrey '61] 1 [Vickrey '61]

revenue (w. reserve) | 1 [Myerson '83]
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— Second-price (DSE) versus First-price (BNE)

Second-price auction (in dominant strategy equilibrium):
symmetric asymmetric

social surplus | 1 [Vickrey '61] 1 [Vickrey '61]

revenue (w. reserve) | 1 [Myerson’83] 2 [H, Roughgarden '09]
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— Second-price (DSE) versus First-price (BNE)

Second-price auction (in dominant strategy equilibrium):
symmetric asymmetric

social surplus | 1 [Vickrey '61] 1 [Vickrey '61]

revenue (w. reserve) | 1 [Myerson’83] 2 [H, Roughgarden '09]

But: second-price auction is great in theory, but rarely used in practice.
[“Lovely but Lonely Vickrey Auction”, Ausubel, Milgrom '06]
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— Second-price (DSE) versus First-price (BNE)

Second-price auction (in dominant strategy equilibrium):
symmetric asymmetric

social surplus | 1 [Vickrey '61] 1 [Vickrey '61]

revenue (w. reserve) | 1 [Myerson’83] 2 [H, Roughgarden '09]

But: second-price auction is great in theory, but rarely used in practice.
[“Lovely but Lonely Vickrey Auction”, Ausubel, Milgrom '06]

First-price auction (PoA of Bayes-Nash equilibrium):
symmetric asymmetric

social surplus | 1 [Chawla, H'13] [1.10, 1.58] [Syrgkanis, Tardos "1
revenue (w. reserve) | 1 [Chawla, H '13]
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— Second-price (DSE) versus First-price (BNE)

Second-price auction (in dominant strategy equilibrium):
symmetric asymmetric

social surplus | 1 [Vickrey '61] 1 [Vickrey '61]

revenue (w. reserve) | 1 [Myerson’83] 2 [H, Roughgarden '09]

But: second-price auction is great in theory, but rarely used in practice.
[“Lovely but Lonely Vickrey Auction”, Ausubel, Milgrom '06]

First-price auction (PoA of Bayes-Nash equilibrium):
symmetric asymmetric

social surplus | 1 [Chawla, H'13] [1.10, 1.58] [Syrgkanis, Tardos "1
revenue (w. reserve) | 1 [Chawla, H'13] |2, 3.16] [H, Hoy, Taggart]
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— Recall: First-price PoA Proof

Recall Thm: for all distributions and BNE the first-price auction satisfies
E[BNE welfare| > % E[OPT welfare]
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— Recall: First-price PoA Proof

Recall Thm: for all distributions and BNE the first-price auction satisfies
E[BNE welfare| > % E[OPT welfare]

Proof Outline:

1. Decompose E[BNE welfare] = E|BNE utilities] 4+ E[BNE revenue].
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— Recall: First-price PoA Proof

Recall Thm: for all distributions and BNE the first-price auction satisfies
E[BNE welfare| > % E[OPT welfare]

Proof Outline:
1. Decompose E[BNE welfare] = E|BNE utilities] 4+ E[BNE revenue].

2. ) value covering lemma:
= U; (UZ) -+ E[i’s competing bid] > A\ v;
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— Recall: First-price PoA Proof

Recall Thm: for all distributions and BNE the first-price auction satisfies
E[BNE welfare| > % E[OPT welfare]

Proof Outline:
1. Decompose E[BNE welfare] = E|BNE utilities] 4+ E[BNE revenue].

2. ) value covering lemma:
= U; (UZ) -+ E[i’s competing bid] > A\ v;

In English: either utility or competing bid is high, relative to value.
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— Recall: First-price PoA Proof

Recall Thm: for all distributions and BNE the first-price auction satisfies
E[BNE welfare| > % E[OPT welfare]

Proof Outline:

1. Decompose E[BNE welfare] = E|BNE utilities] 4+ E[BNE revenue].

2. ) value covering lemma:
= U; (UZ) -+ E[i’s competing bid] > A\ v;

In English: either utility or competing bid is high, relative to value.

3. Scale relative to x (v;)
= u; (v;) + E[i’'s competing bid] x} (v;) > Av; xF (v;)
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— Recall: First-price PoA Proof

Recall Thm: for all distributions and BNE the first-price auction satisfies
E[BNE welfare| > % E[OPT welfare]

Proof Outline:
1. Decompose E[BNE welfare] = E|BNE utilities] 4+ E[BNE revenue].

2. ) value covering lemma:
= U; (UZ) -+ E[i’s competing bid] > A\ v;

In English: either utility or competing bid is high, relative to value.

3. Scale relative to x (v;)
= u; (v;) + E[i’'s competing bid] x} (v;) > Av; xF (v;)

4. 11 revenue covering lemma: for all feasible x’
= W E[BNErevenue] > > . E[i’s critical bid] ;
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— Recall: First-price PoA Proof

Recall Thm: for all distributions and BNE the first-price auction satisfies
E[BNE welfare| > % E[OPT welfare]

Proof Outline:
1. Decompose E[BNE welfare] = E|BNE utilities] 4+ E[BNE revenue].

2. ) value covering lemma:
= U; (UZ) -+ E[i’s competing bid] > A\ v;

In English: either utility or competing bid is high, relative to value.

3. Scale relative to x (v;)
= u; (v;) + E[i’'s competing bid] x} (v;) > Av; xF (v;)

4. |1 revenue covering lemma: for all feasible X’ (e.q., ) . ) = 1)
= W E[BNErevenue] > > . E[i’s critical bid] ;
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— Recall: First-price PoA Proof

Recall Thm: for all distributions and BNE the first-price auction satisfies
E[BNE welfare| > % E[OPT welfare]

Proof Outline:
1. Decompose E[BNE welfare] = E|BNE utilities] 4+ E[BNE revenue].

2. ) value covering lemma:
= U; (UZ) -+ E[i’s competing bid] > A\ v;

In English: either utility or competing bid is high, relative to value.

3. Scale relative to x (v;)
= u; (v;) + E[i’'s competing bid] x} (v;) > Av; xF (v;)

4. |1 revenue covering lemma: for all feasible X’ (e.q., ) . ) = 1)
= W E[BNErevenue] > > . E[i’s critical bid] ;

5. Sum over bidders, expectation over values:
= E[BNE utils] + @ E[BNE revenue| > A E|[OPT welfare|

POA IN AUCTIONS — DECEMBER 11, 2013 —



— Covering Lemmas

e—1
e

Value Covering Lemma:  u;(v;) + E[i's comp. bid| > V;

Revenue Covering Lemma: Vx', E[rev.| > ) . E|i’'s comp. bid] z]
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— Covering Lemmas

e—1
e

Value Covering Lemma:  u;(v;) + E[i's comp. bid| > V;

Revenue Covering Lemma: Vx', E[rev.| > ) . E|i’'s comp. bid] 2

from bidder 7 (w. value v;) from auction (and other bids)
b; = b;(v;) = BNE bid (; = competing bid dist.
u; = u; (v;) = BNE utility E[BNE revenue]
= (v; — b;) Prlbid b, wins]. > E[competmg bld]
~ ~~ ~ = 1 — t)dt
Pr [competing bid < bf&] = G,&'(b;) fO
' E[comp. bid]
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— Covering Lemmas

e—1
e

Value Covering Lemma:  u;(v;) + E[i's comp. bid| > V;

Revenue Covering Lemma: Vx', E[rev.| > ) . E|i’'s comp. bid] 2

from bidder 7 (w. value v;) from auction (and other bids)
b; = b;(v;) = BNE bid (; = competing bid dist.
U; = Uy, (fUZ) — BNE utility E[BNE revenue] _

= (v; — b;) Prlbid b, wins]. > ?[competmg bid]

= ' = — dt
Pricompeting bid < b¢] = G (b%) (zproves rev. cov lemma)
1
E[comp. bid]
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— Covering Lemmas

e—1
e

Value Covering Lemma:  u;(v;) + E[i's comp. bid| > V;

Revenue Covering Lemma: Vx', E[rev.| > ) . E|i’'s comp. bid] 2

from bidder 7 (w. value v;) from auction (and other bids)
b; = b;(v;) = BNE bid (; = competing bid dist.
u; = u;(v;) = BNE utility E[BNE revenue]
= (v; — b;) Prlbid b, wins]. > ?[competmg bid]
Pr[competing bid < b7] = Gy (b) ?proves rev. COV lemma)

Proof: best response = u; is biggest rectangle under E[comp. bid|]

E[comp. bid]
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— Covering Lemmas

e—1
e

Value Covering Lemma:  u;(v;) + E[i's comp. bid| > V;

Revenue Covering Lemma: Vx', E[rev.| > ) . E|i’'s comp. bid] 2

from bidder 7 (w. value v;) from auction (and other bids)
b; = b;(v;) = BNE bid (; = competing bid dist.
u; = u;(v;) = BNE utility E[BNE revenue]
= (v; — b;) Prlbid b, wins]. > ?[competmg bid]
Pr[competing bid < b7] = Gy (b) ?proves rev. COV lemma)

Proof: best response = u; is biggest rectangle under E[comp. bid|]

IV
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— Covering Lemmas

e—1
e

Value Covering Lemma:  u;(v;) + E[i's comp. bid| > V;

Revenue Covering Lemma: Vx', E[rev.| > ) . E|i’'s comp. bid] 2

from bidder 7 (w. value v;) from auction (and other bids)
b; = b;(v;) = BNE bid (; = competing bid dist.
u; = u;(v;) = BNE utility E[BNE revenue]
= (v; — b;) Prlbid b, wins]. > ?[competmg bid]
Pr[competing bid < b7] = Gy (b) ?proves rev. COV lemma)

Proof: best response = u; is biggest rectangle under E[comp. bid|]

IV
I
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— Covering Lemmas

e—1
e

Value Covering Lemma:  u;(v;) + E[i's comp. bid| > V;

Revenue Covering Lemma: Vx', E[rev.| > ) . E|i’'s comp. bid] 2

from bidder 7 (w. value v;) from auction (and other bids)
b; = b;(v;) = BNE bid (; = competing bid dist.
u; = u;(v;) = BNE utility E[BNE revenue]
= (v; — b;) Prlbid b, wins]. > ?[competmg bid]
Pr[competing bid < b7] = Gy (b) (zproves rev. COV lemma)

Proof: best response = u; is biggest rectangle under E[comp. bid|]

%
I
I
X
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— Covering Lemmas

e—1
e

Value Covering Lemma:  u;(v;) + E[i's comp. bid| > V;

Revenue Covering Lemma: Vx', E[rev.| > ) . E|i’'s comp. bid] 2

from bidder 7 (w. value v;) from auction (and other bids)
b; = b;(v;) = BNE bid (; = competing bid dist.
u; = u;(v;) = BNE utility E[BNE revenue]
= (v; — b;) Prlbid b, wins]. > ?[competmg bid]
Pr[competing id| < b5 ] = &5(67) (zproves rev. COV lemma)

Proof: best response = u,; Is biggest rectangle under E comp b|d

1
E[comp. bid] | : | :

c ~1.58

Conclusion:
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— Reserves and Covering Lemmas

Goal: first-price auction with monopoly reserves has good PoA.
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— Reserves and Covering Lemmas

Goal: first-price auction with monopoly reserves has good PoA.
Notes:

e for bidder %, critical bid = max(reserve, competing bid)
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— Reserves and Covering Lemmas

Goal: first-price auction with monopoly reserves has good PoA.
Notes:

e for bidder %, critical bid = max(reserve, competing bid)

e value covering lemma = u;(v;) + E|i’s critical. bid] > Awv;
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— Reserves and Covering Lemmas

Goal: first-price auction with monopoly reserves has good PoA.
Notes:

e for bidder %, critical bid = max(reserve, competing bid)
e value covering lemma = u;(v;) + E|i’s critical. bid] > Awv;

® revenue covers competing bids not critical values.
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— Reserves and Covering Lemmas

Goal: first-price auction with monopoly reserves has good PoA.
Notes:

e for bidder %, critical bid = max(reserve, competing bid)
e value covering lemma = u;(v;) + E|i’s critical. bid] > Awv;
1 1
e revenue covers competing bids not critical values. fleome e F”tbﬁ

-
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— Reserves and Covering Lemmas

Goal: first-price auction with monopoly reserves has good PoA.
Notes:

e for bidder %, critical bid = max(reserve, competing bid)

e value covering lemma = u;(v;) + E|i’s critical. bid] > Awv;

® revenue covers competing bids not critical values. Fleom i T[MW
Approach: n N -

T (%

7 7

e value-covering translation (for BNE surplus Uia:i(vi)): o
= ;i (Vi) + E[i's competing bid] > w;(v;) + E[i's critical. bid]
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— Reserves and Covering Lemmas

Goal: first-price auction with monopoly reserves has good PoA.
Notes:

e for bidder %, critical bid = max(reserve, competing bid)

e value covering lemma = u;(v;) + E|i’s critical. bid] > Awv;

® revenue covers competing bids not critical values. Fleom i T[Mbﬁ
Approach: n N -

(SN

1 ™

i Vi

e value-covering translation (for BNE surplus ?JZQ?Z(UZ))
= Vi, (UZ) -+ E[zs competing bld] > U UZ -+ E ?’s critical. b|d

KK

27
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— Reserves and Covering Lemmas

Goal: first-price auction with monopoly reserves has good PoA.
Notes:

e for bidder %, critical bid = max(reserve, competing bid)

e value covering lemma = u;(v;) + E|i’s critical. bid] > Awv;

® revenue covers competing bids not critical values. Fleom i T[MW
Approach: n N -

(SN

1 ™

i Vi

e value-covering translation (for BNE surplus ?JZQ?Z(UZ))
= Vi, (UZ) -+ E[zs competing bld] > U UZ -+ E ?’s critical. b|d

e with value covering lemma gives ‘ i ‘ i

27
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— Reserves and Covering Lemmas

Goal: first-price auction with monopoly reserves has good PoA.
Notes:

e for bidder %, critical bid = max(reserve, competing bid)
e value covering lemma = u;(v;) + E|i’s critical. bid] > Awv;

1 1
e revenue covers competing bids not critical values. fleome e Fmbg
VS.
Approach: N

-

v, T;

i (¥

7

e value-covering translation (for BNE surplus ?JZQ?Z(UZ))
= Vi, (UZ) -+ E[zs competing bld > U UZ —|— E ?’s critical. b|d

e with value covering lemma gives
® (surplus) value covering lemma:

= (R (vz) -+ E[zs competing b|d > A\ v;

27
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— Reserves and Covering Lemmas

Goal: first-price auction with monopoly reserves has good PoA.
Notes:

e for bidder %, critical bid = max(reserve, competing bid)
e value covering lemma = u;(v;) + E|i’s critical. bid] > Awv;

1 1

e revenue covers competing bids not critical values. fleome e [E[crtbﬁ
VS.

Approach: N R

v, T Vj

e value-covering translation (for BNE surplus ?JZQ?Z(UZ))
= Vi, (UZ) -+ E[zs competing b|d > U UZ —|— E ?’s critical. b|d

e with value covering lemma gives
® (surplus) value covering lemma:
= (R (vz) -+ E[zs competing b|d > A\ v;

® Sum over bidders, expectation over values:
=  E[BNE welfare] + 1 E|BNE revenue| > X\ E[OPT welfare]

Conclusion: PoA = HT“ (versus optimal welfare with reserves)

27
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— Revenue Extension

Recall Proof Sketch: for welfare

1. (surplus) value covering lemma:

=  v;xi(v;) + E[t's competing bid] > A wv;
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— Revenue Extension

Recall Proof Sketch: for welfare

1. (surplus) value covering lemma:

=  v;xi(v;) + E[t's competing bid] > A wv;

2. Revenue Covering Lemma:

= Vx', W E[BNE revenue] > >~ E[i’s competing bid] &
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— Revenue Extension

Recall Proof Sketch: for welfare

1. (surplus) value covering lemma:

=  v;xi(v;) + E[t's competing bid] > A wv;

2. Revenue Covering Lemma:

= Vx', W E[BNE revenue] > >~ E[i’s competing bid] &

3. Scale relative to x; (v;)

= vixi(v;) + Eli’'s competing bid] 7 (vi) > Av; xj (v;)

POA IN AUCTIONS — DECEMBER 11, 2013

28|



— Revenue Extension

Recall Proof Sketch: for welfare

1. (surplus) value covering lemma:

=  v;xi(v;) + E[t's competing bid] > A wv;

2. Revenue Covering Lemma:

= Vx', W E[BNE revenue] > >~ E[i’s competing bid] &

3. Scale relative to x; (v;)

= vixi(v;) + Eli’'s competing bid] 7 (vi) > Av; xj (v;)

4. sum over bidder, expectation over values:
=  E[BNE welfare] + p E[BNE revenue] > AE[OPT welfare]
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— Revenue Extension

Recall Proof Sketch: for welfare

1. (surplus) value covering lemma:
=  v;xi(v;) + E[t's competing bid] > A wv;

2. Revenue Covering Lemma:
= VX', uE[BNE revenue| > > E[i’s competing bid]

3. Scale relative to x; (v;)
= vixi(v;) + Eli’'s competing bid] 7 (vi) > Av; xj (v;)

4. sum over bidder, expectation over values:
=  E[BNE welfare] + p E[BNE revenue] > A\ E[OPT welfare]

Conclusion: E [BNE welfare| > ﬁE[OPT welfare| (with reserves).
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— Revenue Extension

Recall Proof Sketch: for welfare

1. (surplus) value covering lemma:
=  v;xi(v;) + E[t's competing bid] > A wv;

2. Revenue Covering Lemma:
= VX', uE[BNE revenue| > > E[i’s competing bid]

3. Scale relative to x; (v;)
= vixi(v;) + Eli’'s competing bid] 7 (vi) > Av; xj (v;)

4. sum over bidder, expectation over values:
=  E[BNE welfare] + p E[BNE revenue] > A\ E[OPT welfare]

Conclusion: E [BNE welfare] > ﬁE[OPT welfare] (with reserves).
Recall: E [BNE revenue| = E|BNE virtual welfare]
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— Revenue Extension

Recall Proof Sketch: for welfare
1. (surplus) value covering lemma:
=  v;xi(v;) + E[t's competing bid] > A wv;
2. Revenue Covering Lemma:
= VX', uE[BNE revenue| > > E[i’s competing bid]
3. Scale relative to x; (v;)
=  v;xi(v;) + E[i's competing bid] 7 (v;) > Awv; x5 (v;)

4. sum over bidder, expectation over values:
=  E[BNE welfare] + p E[BNE revenue] > A\ E[OPT welfare]

Conclusion: E [BNE welfare| > ﬁE[OPT welfare| (with reserves).

Recall: E [BNE revenue| = E|BNE virtual welfare]
Revenue Extension:
surplus value covering = virtual-surplus value covering

N IV

’U,LZE,L(’U,L) + E[i’scomp. bid] > A V4 qb,b(v,b)azz(fuz) + E[i'S comp. bid] > A (bz(vz)
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— Revenue Extension

Recall Proof Sketch: for welfare
1. (surplus) value covering lemma:
=  v;xi(v;) + E[t's competing bid] > A wv;
2. Revenue Covering Lemma:
= VX', uE[BNE revenue| > > E[i’s competing bid]
3. Scale relative to x; (v;)
=  v;xi(v;) + E[i's competing bid] 7 (v;) > Awv; x5 (v;)

4. sum over bidder, expectation over values:
=  E[BNE welfare] + p E[BNE revenue] > A\ E[OPT welfare]

Conclusion: E [BNE welfare| > ﬁE[OPT welfare| (with reserves).

Recall: E [BNE revenue| = E|BNE virtual welfare]
Revenue Extension: (for ¢;(v;) > 0; scale rel. to ¢; (v, ) /v, < 1)
surplus value covering = virtual-surplus value covering

N N

’U,LZE,L(’U,L) + E[i’scomp. bid] > A V4 qb,L(v,L)a:Z('UZ) + E[i'S comp. bid] > A (bz(vz)
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— Revenue Extension

Recall Proof Sketch: for welfare
1. (surplus) value covering lemma:
=  v;xi(v;) + E[t's competing bid] > A wv;
2. Revenue Covering Lemma:
= VX', uE[BNE revenue| > > E[i’s competing bid]
3. Scale relative to x; (v;)
=  v;xi(v;) + E[i's competing bid] 7 (v;) > Awv; x5 (v;)

4. sum over bidder, expectation over values:
=  E[BNE welfare] + p E[BNE revenue] > A\ E[OPT welfare]

Conclusion: E [BNE welfare| > ﬁE[OPT welfare| (with reserves).

Recall: E [BNE revenue| = E|BNE virtual welfare]
Revenue Extension: (for ¢;(v;) > 0; scale rel. to ¢; (v, ) /v, < 1)
surplus value covering = virtual-surplus value covering

N IV

’U,LZE,L(’U,L) + E[i’scomp. bid] > A V4 qb,b(fu,b)a:z(fuz) + E[i'S comp. bid] > A (bz(vz)

Thm: first-price auction w. monopoly reserves has PoA < 62_1 ~ 3.16.
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Questions?



— Overview of Tutorial

Part |: Introduction and motivation.

Part II: Smoothness Framework
(extension theorems, correlated dists., auction composition)

Part Ill: Standard Examples
(position auctions, multi-unit auctions, matching markets, combinatorial
auctions)

Part IV: BNE Characterization and Consequences
(BNE characterization, symmetric BNE, solving, uniqueness, revenue)
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